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SIl. 


ON THE LINEAR TRANSFORMATION OF THE THETA FUNCTIONS. 


[From the Messenger of Mathematics, vol. x1r. (1884), pp. 54—60.] 


THE functions referred to are the single Theta Functions; these may be defined 
as doubly infinite products, as was in fact done in my “Mémoire sur les fonctions 
doublement périodiques,” Liow. t. x. (1845), pp. 385—420, [25]; and it is interesting to 
consider from this point of view the theory of their linear transformation: this I propose 
to do in the present paper, adopting throughout the notation of Smith’s* “Memoir on 
the Theta and Omega Functions.” 

The periods K, iK’ are, in general, imaginary quantities 

K =A+ Bi, 
iK'=0 +, 


where AD — BC is positive; writing then v=, and q=e'™, also for shortness 


(q1) = 2 F 41 —q™), 


where g* denotes e#™, the expression of the odd theta-function 9, (æ, œw) as a doubly 
infinite product is 


(w, o)= (yei (1 +? _), (¿= o), 
where (m, n) have any positive or negative integer values (the combination m =0, n=0 
excluded) from m=-— u to u, and n=—v to v, w and v being each ultimately infinite 
but so that w is infinite in comparison with v; this condition in regard to the limits 
is indicated by p/y=; and similarly v/u=o would indicate that v was infinite in 
comparison with p. 


[* Smith’s Collected Mathematical Papers, vol. 11., pp. 415—621.] 
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The condition as to the limits might be that (m, n) have any positive or negative 
values (excluding as before) such that the modulus of m+n does not exceed a 
positive value 7, which is ultimately taken to be infinite; this condition may be 
indicated by mod =o. 


The values of the double product corresponding to the different conditions as to the 
limits are not equal, but they differ only by an exponential factor, the exponent being 
a multiple of 2; we thus have 


ANS a ar Ya 
oN (1+ gigg) E=% ) = exp( Va") all (1 + eee ag) (mod = 2), 


where V is a determinate value, depending on K and K’; and similarly 


L 


al m PO casas = 
æl (1 Tr + ia) p = o ) exp (04°) III (1 Moe cae) (mod =  ), 


where C is a determinate value depending in like manner on A, A’. 


We have, then, as above 


9, (x, w)= (ql) alll (1 if i. | (£= o) 


mr + noT 
Ka 
m Ke T 
ee ha A nn js LE) 


Ka 
= (ql) x exe (Y v£ Kenn( 14 Cutan th ae æ ), 


viz. we have thus defined $, (æ, w) as a doubly infinite product with the limiting con- 


dition (mod=c ); if for æ we write h arbitrary, we have 


a 
h > 


s Ka 
TE T Ka Ka h 
3; (5 ; o) = (q1) z exp (v =) pt me + a ae an ‘06 ), 


and similarly, if n= , Q=", then 


9, faro 7, o}= (Ql) T exp (a +50" 0%; ot a 


Pas (a+ 00) 
x (a + 6Q) -y HII Dt AUA (mod = œ). 


In the case of a linear transformation, we have 


a, | e+dQ 


a+bQ’ 


o= xQ, that is, w= 
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where a, b, c, d are positive or negative integers such that ad—be=+1; it is to be 
shown that the two infinite products are in this case identical; this being so, we have 


s [ere 9} mL fa +60) OA? — V K?) ae 


9, l = o} ~ (ql) h? 


viz. the two functions differ only by a constant factor and by an exponential factor, 
the exponent being a multiple of 2*; after all reductions, this factor is found to be 


; = exp (- irb (a +b) i) ; 
We have 


oat tao 
a+b’ 
or since 
iK ih’ 
; o= ee ? Q — TH 5) 
this is 
iK’ cA +dih’ 
Kak +bid” 
or say 
y K =aA+bin’ 
ieee ba 
mE =cA +d’, 
either of which equations may be taken as a definition of the multiplier M. We have 
K 


a (mK + nik’) = (am + cn) A + (bm + dn) iA’ 
=m + nih’, 
m =am + en, 
n =bm +dn. 


Here to any integer values of (m, n) there correspond integer values of m, n’; 
and conversely, in virtue of the equation ad—be=1, to any integer values of m’, n 
there correspond integer values of m, n. The two products are 


Ka 
Mh 
ve ( on a kna. 


(a + b0) Aw 
HII ę + er (mod = œ). 


mA + nið’ 
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But, as above, we have Ñ = (a+ 60) A: and then, observing that in the first of 


the two products: we may for m, n’ write m, n, it at once appears that the two 
products are identical. 


The exponential factor, writing therein (a +00) A=, becomes 


((U Kig 
exp a v) TA è 
The values of V, O are at once obtained by means of a formula* given in my 
Memoir, viz. we have 


where 
T (wv + wv 


sdg OT mod (ov — wv)’ 


A A eA am 
QT mod (wv — wv) 
Comparing with the present notation 
Q=o+o0%1, =A+B=K, 
Te=vt+ut, =0 + Di=K'i 


so that Q, T denote K, K'i, and ø, w, v, v’ denote A, B, C, D respectively: wu’ — w’v 
is thus = 4D -— BC, which has been assumed to be positive; hence also mod (wv — w'v) 
= ÁD —BC, and the formula becomes 


i AC + BD 1 
Y s-r [apa +) EE 


Now writing 
A =A,+ Bi, 


da + Di, 

then we have 
ya + Bi)=aA + biA’ = atd, + Bit) +b (0, + Dii), 
(C+ Di) =ch + did! = c0 (4, + Bi) + d(C, + Dii); 


consequently, if 
M= p (cos 0 +isin 8), 


[* Collected Mathematical Papers, t. 1., p. 164. The denominator factor QT has been omitted (p. 165) 
by mistake.] 
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we have 


T A cos 0+ B sin 0) = a4; + b0, 
5 (— Asin +B cos 0) = aB, + bD,, 
x C cos 0 + Dsin 6) =cA, +dO,, 


= (- C sin 6+ D cos 0) = cB, +dD,, 
and thence 


(AD — Bd- t0) (ADE BO) wild. Re 


Hence A,D,— B,C, is positive, and we have 
et A,C,+ B,D, a 
Gade aD Bay Ar 
Take K, the conjugate of K, A, the conjugate of A, then 
K,=A-B, A, =A,—By, 
iK’=C +h, tN=C, + Dy. 


We have 
iK, kK’ =AC+BD+i(AD-— BO), 


and therefore 


KE AC+BD |, 9, -i K 

AD—BC i(AD-BC)° ” ~ AD-—BC K’ 
and similarly 

— ir A, 
xe TAD BO. A 
The exponential is 
0 Kx? 
a-k: 

and we have 

0 -4r Ay 4r K 


A Vee gp an taa A 
M? M?(A,D,-—B,C,) A AD—BC K> 
which is 
ne —47 Ay 
~ M?(A,D, — B,0,) A 


$r 


a e a 
P (d,D, - B,0) R’ 


-H 


-4r (3 At iy, 


TAD- BO (i A pK 
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But p/M = cos 0 — isin 0, or calling this for a moment P, then 1/M*=P?/p*, and 
the formula may be written 


oO sh —4rP A, es Ky 
r Y = 3(4,D,— BG) (a? Fa 
—4rP 


ie i 1 
Sa ee ee come Ot Fein 0) AK} FR: 


The term in { } is 
(cos 0 — i sin 0) (A + Bi) (A, — Bit) — (cos 0 + i sin 0) (A — Bi) (A, + Bi), 
= 2cos0[—-(4B,— 4,B)i] — 2i sin 0 (AA, + BB), 
= — 21 {(( AB, — A,B) cos 0 + (4A, + BB,) sin 0}, 
= — 2i {B, (A cos 0 + B sin 0) — A, (— A sin 6 + B cos 0)}, 
= — 2ip {B, (aA, + b01) — A, (aB, + bD,)}, 
+ 2ipb (4D, — B,C). 


Hence 


Og — 3aP 


T : 1 
H: = PD, BG) 2ibp (A, D, — B, 0) RA 


and the exponential thus ‘is 
sides (- irb 1 Sa) hia 
EN Bay ee 
since E +b), this i | 
or, MA a ), this 1s 


= exp (- imb (a + b0) i) ; 


and we have thus the required formula 


` MET eE Q : 4 
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